Energy and time as conjugate dynamical variables 
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Abstract: The energy and time variables of the elementary classical dynami- 
^ . cal systems are described geometrically, as canonically conjugate coordinates 

CN ! of an extended phase-space. It is shown that the Galilei action of the inertial 

equivalence group on this space is canonical, but not Hamiltonian equivari- 
ant. Although it has no effect at classical level, the lack of equivariance 
makes the Galilei action inconsistent with the canonical quantization. A 
Hamiltonian equivariant action can be obtained by assuming that the iner- 
tial parameter in the extended phase-space is quasi-isotropic. This condition 
leads naturally to the Lorentz transformations between moving frames as a 
particular case of symplectic transformations. The limit speed appears as 
a constant factor relating the two additional canonical coordinates to the 
energy and time. Its value is identified with the speed of light by using the 
relationship between the electromagnetic potentials and the symplectic form 
^ \ of the extended phase-space. 
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1. Introduction 

The canonical transformations of the Hamilton- Jacobi theory have the re- 
markable property of changing the energy as a variable canonically conjugate 
with time. This formal property is consistent with generalized Hamiltonian 
dynamics in an extended phase-space, where the energy and time are true dy- 
namical variables, rather then parameters [1]. The canonical transformations 
in the extended phase-space provide the appropriate framework to describe 
the equivalence of inertial frames in relative motion, and include the Lorentz 
transformations special case [1]. 

A clear distinction between time and the other phase-space variables ap- 
pears in the quantum theory. The time remains classical, while the energy, 
the momenta, and the space coordinates are affected by statistical fluctu- 
ations. However, the uncertainty relations between proper time and mass 
suggest that time and energy should be also considered as canonically con- 
jugate dynamical variables [2]. 

The phase-space structure of the classical dynamical systems can be de- 
scribed geometrically, by using an associated symplectic manifold (M,cu). 
Here M denotes the manifold of the physical states, while u is the symplectic 
form on M. For conservative systems, the dynamics is a symplectic diffeo- 
morphism of (M,u), generated by the Hamilton function H. The existence 
of a generating function ensures that this diffeomorphism can be described 
globally by only one parameter, but this parameter, (the time), does not ap- 
pear explicitly. Therefore, a geometrical formulation of the Hamilton- Jacobi 
theory requires the extension of the symplectic manifold M to the contact 
manifold M x R, where R, as additive group, denotes the time axis [3]. The 
contact structure is derived from the symplectic structure of M, by consider- 
ing the Hamiltonian as conjugated to the time coordinate. However, in this 
approach H does not appear as an additional coordinate, but the one on M 
defined by foliation with constant energy surfaces. 

In this work the classical dynamics of elementary systems is formulated 
in terms of an extended phase-space M x T*R, where T*R denotes the cotan- 
gent bundle of the time axis. The time-dependent Hamilton- Jacobi theory, 
and examples related to the transformations between moving frames will be 
presented in Sect. 2. 

The symplectic structure of the extended phase-space provides the ap- 
propriate framework for the treatment of the coupling between a charged 
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particle and an electromagnetic field. In the early attempts to formulate a 
geometrical theory of electromagnetism, the 4- vector potential was supposed 
to be related to the metric structure of the space-time [4]. However, later 
developments strongly suggest that electromagnetism is naturally related to 
the symplectic structure of phase-space ( [5] p. 140). In Sect. 3 it will be 
shown that the coupling between a charged particle and the electromagnetic 
field can be described in terms of a potential-dependent symplectic form on 
M x T*R. The Lorentz force and the homogeneous Maxwell equations follow 
as consequences. 

The relationship between inertial frames in relative motion (the inertial 
equivalence group) is studied in Sect. 4. It will be shown that the Galilei 
action in extended phase-space is canonical, but not Hamiltonian equivari- 
ant. This means that it is not possible to find a homomorphism from the 
Lie algebra of the Galilei group to the Poisson algebra J-{M) of the smooth 
real functions on M. This homomorphism does not exist if the transition 
to a moving frame (boost) acts by shifting the momenta with a velocity- 
dependent term. However, the obstruction disappears if the action of the 
inertial equivalence group is supposed to preserve the canonical structure of 
the extended phase-space, and if the inertial parameter is quasi-isotropic. 
With these assumptions, the velocity-dependent momentum shift is replaced 
by a symplectic transformation, and the Galilei action by the Poincare trans- 
formations. Therefore, to obtain the Lorentz transformations, beside the 
conditions presented in ref. [1], it is necessary to assume the quasi-isotropy 
of the inertial parameter in the extended phase-space. The main results and 
conclusions are summarized in Sect. 5. 

2. Time-dependent canonical transformations 

In Hamilton- Jacobi theory, a local representation of the time-dependent 
symplectic diffeomorphisms that transform a Hamiltonian vector field into 
another Hamiltonian vector field is provided by the generating function of 
the canonical transformations. Such diffeomorphisms may be pictured as 
transformations, generated by the action field S(q,p',t), of a dynamical sys- 
tem with coordinates (q,p), and Hamilton function H, to a "moving frame", 
with coordinates (q',p'). For a system with n degrees of freedom the action 
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field can be expressed in the form 

S(q,p',t) = q T p' + <f>(q,p',t) 



(1) 



where q and p' denote the column vectors with components q k , p' k , respec- 
tively, k = This leads to an implicit relationship between coordinates, 



Pk 



<9$ 

dq k 



Jk 



q 



<9$ 
dp' k 



(2) 



which preserve the structure of the equations of motion, such that the time 
evolution of the new coordinates is generated by the Hamilton function 



H' 



(3) 



The identity transformation is generated by the functions <3>, which are con- 
stants. For infinitesimal transformations close to identity, <£> has the general 
form 

p\ t) = X T q - Y T p + -{fbq + p T cp') - fap (4) 

where X, Y are n-component column vectors, and a, b = b T , c = c T are nxn 
matrices. The transformation defined by (2) takes, in this case, the matrix 
form 



q' 

j7 



q 
p 



+ 



-Y 
-X 



+ 



—a 
-b 



c 
a 



q 

P 



(5) 



Therefore, $ generates a momentum shift parameterized by X, a coordinate 
shift parameterized by Y, and a symplectic linear transformation generated 
by an element of sp(n, R), parameterized by a, b, and c. 

The infinitesimal transformations between frames in relative motion are 
particular cases of this general formula. The dynamics of an iV-particle 
many-body system in a rotating frame can be expressed in terms of the new 
canonical variables q' = [q! i: i = l,N], p' = [p' i: i = l,N], defined by (5), 
with X = Y = 0, 6 = 6 = and a = ®? = i(th £ e so(3). If n = 1, 2, 3, 
denotes the components of the angular velocity vector, and e ajXV is the Levi- 
Civita symbol, then = 8t Y^a=i ^a e anu- The generating function of this 
transformation is <& r (q,p', St) = —Stfl ■ L, where L - s ' ' 
coordinates are related to the initial ones by 



Ej=i <ii x PV The new 



q' = q — 5tCl x q , p' = p — 5tfl X p 



(6) 
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and their time evolution is generated by the Hamiltonian H' = H — Q, ■ L. 

The transformation to a frame in uniform translation with the relative 
velocity V corresponds toa = 6 = c = and X = J2iLi Xj, Y = J2iLi Yj, 
with Xj = mjV, Yj = £V. In this case the generating function is 

$ v (q,p',t) = V-(mq cm -tP') (7) 

where m is the total mass of the system, q cm is the center of mass coordinate 
in the old frame and P' is the total momentum in the new frame. The 
Hamilton function in the new frame is 

H'(q', p', t) =H(4 i + tV, & + m, V, t) - V • P' . (8) 

The Hamiltonian dynamics of an elementary system with n degrees of 
freedom defined on (M, a;) can be seen as the action of the additive group 
R, parameterized by time. Considering the Hamiltonian H e F{M) as the 
momentum mapping for this action, the energy E G R appears as an element 
of the dual of the "time-group" algebra, R. The time and energy variables 
(t, E) therefore can be treated as coordinates on the cotangent space T*R. 
The canonical coordinates on T*R, denoted by (g°,po), are supposed to be 
linear functions of energy and time, q° = ct, p = —E/c, with c a dimensional 
constant. With these new canonical variables, the extended phase-space 
is represented by the symplectic manifold (M £ ,Uq), M e = M x T*R and 
Uq = uj + dq° A dpo- 

The Hamiltonian current X H on (M, a;), generated by H, can be lifted to 
a Hamiltonian current X e H on (M e , ufy, generated by H e = H+cp e !F{M^). 
Let s be the parameter chosen along the trajectories on M e , d s = d/ds the 
derivative with respect to s, Lx^ = Y^ 1 i=i{.d s q) l d q t + (d s p)id Pi + (d s t)d t + 
(d s E)dE the Lie derivative associated to Xfj, uj = J27=i dq l A dpi, and ix^o 
the inner product between X e H and Uq. Thus, if X^ is the current generated 
by the Hamiltonian H e , then ix^o = dH e , and the corresponding equations 
of motion in the extended phase-space have the form 

dsq = dp- ' ^ = ~w (9) 

OH 

d,t=l , d s E = — (10) 
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The first group of equations are the usual Hamilton equations on (M,u>). 
The second group shows that the choice of H e corresponds to s — t, and 
ensures the conservation of the energy when H is independent of t. 

The generating functions of the canonical transformations in the extended 
phase-space are supposed to be independent of s. It is easy to check that 
the equations of motion of an elementary system in uniformly rotating or 
translating frames, can be derived from Eq. (9), (10), by a canonical trans- 
formation generated by $ r or <£>„, respectively. 

3. The coupling to the electromagnetic field 

The natural symplectic form on the one-particle phase-space M = T*R 3 
can be modified to describe the coupling to the electromagnetic field [5]. 
However, a suitable framework to state this procedure is represented by the 
extended phase-space, M e = T*R 4 . In a Coulomb field, the energy E of a 
charged particle becomes E + eV, where e is the charge and V the potential. 
This corresponds to a change of p to p — eV/ c, where V can be a general 
function of coordinates and time. The prescription of introducing the field by 
a local shift of the po axis can be generalized to all momentum components 
of Uq. Thus, in the presence of the electromagnetic field, uIq is replaced by 

3 

uj e (A, V) = E d ^ A d ^ + t)) + dq° A d(p - -V(q, t)) (11) 

fi=i ° 

where A is a function of the coordinates and time representing the vector 
potential. This procedure is naturally gauge- invariant, because the form 
cj e (A, V) remains the same at the transformation 

a^a+v/ , y^y--% (12) 

c at 

where / is an arbitrary function of coordinates and time. 

The field contribution to the symplectic form of M e can be separated in 
magnetic and electric components, given by the decomposition oo e (A, V) = 
Uq + ujb + uje, where 
g 

ujb = — (Bidq 2 A dq 3 + B 2 dq 3 A dq 1 + B s dq x A dq 2 ) (13) 

c 

u E = -eE • dq A dt (14) 
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and 

1 8 A (9 
B = V xA , E = --- V V , V-V, = ^- (15) 

If X|j denotes the Hamiltonian current in the extended phase-space, then 

3 

ix^l = i^dp^ - p^dq^) -dE + Edt (16) 

ix-^B = ^(q x B) • dq (17) 

ix^E = — e(E • qrft - E • dq) (18) 
such that the equations of motion ix|^ 6 (A, V) = dfF are 

q=V P # , P = -Vq# + e[^qx B + E] (19) 

and 

IF = eq ' E + lF ' < 20 > 

The first two equations are the classical equations of motion containing the 
velocity-dependent Lorentz force term, while the last equation expresses the 
rate of change of the mechanical energy of the particle. The two homogeneous 
Maxwell equations 

<9B 

V-B = , V xE = -— (21) 

are a consequence of the definition (15). The gauge invariance can be used 
to fix A and V such that cy ■ A + dV/dt = 0, and in this case equations (15) 
lead to 

1 <9E 1 d 2 A 

If the homogeneous Ampere-Maxwell equation 

1 f)V 

VxB-~=0 (23) 
c ot 

is taken as the definition of the vacuum, then (22) shows that A satisfies the 
wave equation, and the constant c is the speed of light in vacuum. 

It is interesting to remark that by introducing new momentum coor- 
dinates (p',Po) = (p + e -A/c,po — eV/c), the symplectic form iv e (A, V) 
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takes the form of Uq, while the Hamiltonian H e = H(q,p,t) — E becomes 
H e = H(c[,p' — eA/c,t) — E' + eV. Therefore, in the new coordinates the 
dynamics is Hamiltonian, and the field-dependent Poisson bracket in the 
extended phase-space, {*, *}/> defined with respect to (<?°,q) and (p' ,p'), 
is independent of time. Moreover, the old coordinates and momenta sat- 
isfy the relations {q^p v }) = 5^, {q^,q v } e f = 0, {p^p v } e f = -ee^ a B a /c, 
{PmPo}} — eE^/c. These properties can be used to formulate a classical 
version of the Feynman proof of the homogeneous Maxwell equations [6]. 
The commutator from the Feynman's proof corresponds in the classical case 
to the field-dependent, invariant Poisson bracket instead of {*,*} e 

defined in terms of (g°,q) and (po,p)- Thus, it is possible to show that the 
most general velocity-dependent force compatible with the Newton's equa- 
tions of motion, and ensuring the existence of an invariant Poisson bracket 
{*, *}p such that {q^,Pu} e f = and {g M , q u } e f = 0, is the Lorentz force. 

4. Symplectic actions of the inertial equivalence group 

The momentum variables are changed not only by the coupling to the 
electromagnetic field, but also by the transition to a moving frame. The 
transformation to a coordinate frame in uniform motion generated by the 
function $^ of (7) is a special case of the general Galilei transformation 
Tq : R 3 x R — > R 3 x R acting both on the coordinate space R 3 and 
time. If (q, p) denote the Cartesian phase-space coordinates of a parti- 
cle with mass m, then an infinitesimal Galilei transformation is defined by 
[q , ,* , ] = [q,*]+ 7 (e,d,v,r)[q,*],with 

7 (£, d, v, r) [q, t] = [£q - d - tv, -r] . (24) 

The algebra g of the Galilei group is isomorphic to so(3) + R 7 . An element 
7 G g is specified by £ G so(3), d G R 3 , v G R 3 and r G R. The parameters £, 
d and v correspond to static rotations, translations and boost, respectively, 
of the space coordinates, while r describes translations along the time axis. 

The action Tq of the Galilei group can be lifted to an action T M on the 
phase-space M = T*R 3 , by assuming that at the transformation specified 
by (24), the momentum also changes as p' = p + £p — mv. Let V(M) be 
the group of diffeomorphisms of M, and T>(M,ou) = {p G T>(M), p*uo = uj} 
the subgroup of symplectic diffeomorphisms. When M = T*R 3 and uj = 
Su=i dq^ A dp^, then T* M u = u, and the action T M of the Galilei group is 
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symplectic. 

By the action Tm each element 7 G g generates a current X 7 G TM. 
The Lie derivative associated with the current X„ generated by the boost 
transformation 7„ = 7(0, 0, v, 0) G g is 

£x„ = -v • (ty q + ™V P ) • (25) 

This current is Hamiltonian, and satisfies the equation %x v ^ = dJ v (q,p,t), 
where J v (q,p,t) = Q v (q,p,t) = v • (mq — tp). The current X d) correspond- 
ing to the static shift of the origin 7^ = 7(0, d, 0,0) G 5 has the associated 
Lie derivative Lx d = — d ■ Vqj an d is generated by Jd = — d • p. Similarly, 
a Hamilton function J 7 exists for every vector field X 1 , 7 G g, and there- 
fore, the action Tm induces an anti-homomorphism JYm '■ g — > ham(M), 
dT M {l) = X~ p X[ 7i yj = — [X 7 ,Xy], between the Lie algebra g of the Galilei 
group and the Lie algebra ham(M) of the Hamiltonian vector fields on M 
(ref. [3] p. 269). 

The action Tm will be called Hamiltonian equivariant, if the Lie algebra 
anti-homomorphism cITm '■ g — > ham(M) can be lifted to a homomorphism 
A : g — > F{M), such that the diagram 

-> i? -> F(M) -> ham(M) -> 
a \ Tdr M 

commutes. This property can be expressed in a compact form by the equa- 
tion [Q] = 0, where [Q] G H 2 (g, R) is the cohomology class of the two-cocycle 
defined by Q(7;V) = {J 7 , Jy} - J[ 7 ,y], 7,7' ^ fi 1 (ref. [5] p. 171). 

The equivariance is necessary for a consistent quantization, because the 
physical observables are elements of F(M), rather than of ham(M). There- 
fore, it is possible to find a representation of g by operators associated with 
the observables of the particle, acting on the quantum Hilbert space L 2 (R 3 ), 
only if A exists. 

In the case of the lift T M , the commutator [7^,7^] is 0, but the Poisson 
bracket of J v and Jd is 

{J v , Jd} = ~L Xv Jd = -m{v ■ q,d • p} = -mv • d . (26) 

Therefore, although the infinitesimal Galilei transformations 7(0, d, v, 0) and 
7 ; (0, d', v', 0) commute, the Poisson bracket of the corresponding Hamilton 
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functions 



{ J 7 , Jy} = m(d ■ v' — d' • v) 



(27) 



is, in general, not zero. This Poisson bracket defines a two-cocycle Q on g, 
Q(v,d;v', d') = { J 7 , J 7 }, parameterized by the mass m (refs. [7] and [5], 
p. 434). Thus, the cohomology class [Q] of Q in H 2 (g,R) is zero, and the 
action of the inertial equivalence group is Hamiltonian equivariant, only if 
m — 0. 

When m ^ 0, the lack of equivariance and the obstruction in finding A 
are due to the noncommutation of the coordinates and momenta with respect 
to the Poisson bracket. The diagram commutes if A maps the generators of 
the phase-space translations onto the phase-space coordinates. However, this 
mapping is not a homomorphism, because the Lie algebra of the translation 
group is Abelian, while the phase-space coordinates q^Pu, with respect to the 
Poisson bracket, generate the Heisenberg algebra, {q^,q v } = 0, {p^,p u } = 0, 

{Qli,Pu} = <W ^ u = 1 > 2 > 3 - 

The boost transformations depend on time explicitly, and therefore the 
action of the Galilei group can be formulated in terms of the extended phase- 
space. If the coordinates on M e are represented as column vectors 



q 

q° 



P 



P 

Po 



then an infinitesimal transformation takes the form of (5), with 



X 



mv 




Y 



d 

T 



v/c 



and b = c = 0. The element v/c of the matrix a is determined only by Tq, 
but according to (5), its presence requires the transformation of p = —E/c 
as Pq = po + v • p/c. This transformation is consistent with (8), and it leads 
to the correct equations of motion in the new frame. Therefore, the action 
Tq can be lifted to a symplectic action in the extended phase-space. 



The Lie derivative associated to the current XI = dY M e{^ v ) is 



Lx s = ~q - -Vq-mv-Vp + 



p ■ v d 

c dp 



(28) 
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and ix^n = dJf., with J? 



by 7d has the generating function JJ = 

{Jl JIY = -mvd 



(mq — q°p/c). 

— d • p, and similarly to (26), 



The current XJ determined 



(29) 



Therefore, the action T M e of the Galilei group in the extended phase space 
defines the same element [Q] of H 2 (g,R) as T M , and is not Hamiltonian 
equivariant. 

The noncommutation of the phase-space coordinates affects the equiv- 
ariance because 7^ acts by shifting the momentum components. This shift 
(X) is proportional to the inertial parameter m, defined by the momentum 
dependence of the Hamiltonian. In principle, each momentum component pk 
has an associated inertial parameter m& = pk(dH e /dpk)~ 1 - If the dynam- 
ics in the extended phase-space is determined by H e , then it is natural to 
assume that the corresponding inertial parameter is quasi-isotropic, namely 
m\ — m-i — m 3 = — am — m > 0, a — ±1. This assumption is equiv- 
alent to a relationship between mass and energy of the form E = amc 2 . 
Therefore, m = —apo/c, and the lift p' = p + £p — mv of 7„ places the 
velocity-dependent term in the matrix a, instead of X. The infinitesimal 
transformation to a moving frame takes in this case the form of (5), with 



X 








Y 



d 

T 



and 



a = 



(30) 



£ «v/c 
v/c 

The presence of the a - dependent term in the matrix a is not consistent 
with the action Tq defined by (24). Thus, (5) requires the transformation of 
the coordinates by the matrix — a T , and an action of the inertial equivalence 
group of the form 7 e (£, d, v, r)[q, t] = [£q — d — tv, -av • q/c 2 — r]. For this 
action 



n v v p • v d 

Lx* = -q - ■ Vq + ocpo- ■ V P + 

c c c opo 

Jl — -v • (ap q + q°p)/c, and 

v 
[Lye, LxA = —a— ■ d-— . 



(31) 



(32) 
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This shows that J^ xe x ^ = —ap v • d/c, and as [7^, 7J] = 7 e (0, 0, 0, av ■ d/c), 

KV d T-^] = ■ (33) 

Therefore, the cohomology class of the two-cocycle defined by Eq. (33) is 
zero, proving that the new action is Hamiltonian equivariant. 

The choice a — 1 corresponds to the usual relation between mass and 
energy, E = mc 2 . For uniform translations with a finite velocity V = V^n, 
|n| = 1, this leads to the standard Lorentz transformations 

/ , \ qn-Vt , t-V-q/c 2 

q' = n x q x n + n H , t' = . H/ . 34 

y/l ~ V 2 /c 2 y/l ~ V 2 /c 2 

The choice a — — 1 corresponds to E — —mc 2 , and 

q = n x q x n + n M , t' = H/ . 35 

y/l + V 2 /C 2 y/l + V 2 /C 2 



These transformations represent pure rotations between the space coordi- 
nates and time. By contrast with the Lorentz transformations, they do not 
leave the vacuum defined by (23) invariant. 

The infinitesimal transformations of the momentum components p' = 
p + £p + apov/c and p' = po + v • p/c, indicate that the inertial parameter 
m = —apo/c remains invariant only if v = 0. However, the quantity p 2 — ap\ 
is a general invariant, which can be used to specify the relationship between 
E and p in any particular frame 1 



5. Summary and Conclusions 



The invariance of the Hamiltonian dynamical systems at static canonical 
transformations can be well described in terms of the symplectic geometry 
of the phase-space. However, the time-dependent transformations require a 
more general formalism, which is provided by the Hamilton- Jacobi theory. 
In this formalism, the time appears as a dynamical variable, rather than 
as a parameter similar to the ones describing the static transformations. 
Moreover, this variable has the properties of a coordinate, having the energy 

1 E — ac^J m 2 c 2 + ap 2 — amc 2 /^! — aV 2 /c 2 when p = m~V/y/l — aV 2 /c 2 . 
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as conjugate momentum. Therefore, the Hamilton- Jacobi theory suggests 
the extension of the phase-space by two new canonically conjugate variables 
(q°,Po), related to energy and time by a dimensional factor c [1]. 

In this work it was shown that the symplectic structure of the extended 
phase-space of a charged particle can be modified to take into account the 
coupling to the electromagnetic field. The field potentials are introduced by 
assuming that all momentum components are changed in the same way as 
Po (the energy), by an additive coordinate-dependent term. This procedure 
is gauge-invariant, leads to the correct expression of the Lorentz force, of 
the rate of change of the mechanical emergy, and it allows us to identify the 
constant c with the speed of light. 

An important class of time-dependent canonical transformations is pro- 
vided by the equivalence principle of the inertial frames. The group of trans- 
formations between inertial frames in relative motion (the inertial equivalence 
group), changes not only the coordinates, but also the momenta and energy, 
and therefore acts on the extended phase-space. 

In Sect. 4 it was shown that the Galilei transformations preserve the 
canonical structure of the extended phase-space. However, this action defines 
a two-cocycle in H 2 (g, R) parameterized by the mass, and is not Hamiltonian 
equivariant. The lack of equivariance has no effect at classical level, while 
in quantum theory it affects the wave functions by a global phase factor 
only. Though, it shows that the Galilei action is basically inconsistent with 
the canonical quantization. An equivariant action of the inertial equivalence 
group can be obtained by assuming that the inertial parameter in the ex- 
tended phase-space is quasi-isotropic. This assumption, combined with the 
general expression of the canonical diffeomorphisms, replaces the Galilei ac- 
tion on the space-time coordinates by the Poincare transformations. 

These results show that the extension of the phase-space by a pair of two 
new canonical variables represented by energy and time is consistent with the 
electromagnetism and relativity. The equivariance condition indicates that 
the extended phase-space also provides the appropriate framework to relate 
the space-time geometry with quantum mechanics. The transformations of 
the space-time coordinates between inertial frames in relative motion appear 
closely related to a dynamical quantity, which is the inertial parameter in the 
extended phase-space. However, while space-time is classically defined, the 
mass of an elementary system should be defined in terms of the free dynamics 
of the quantum particles. The spontaneous symmetry-breaking mechanism 
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of the quantum field theory relates the mass to the structure of the physical 
vacuum, and may provide a suitable basis to understand the origin of the 
quasi-isotropy. 
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